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1 Introduction

The purpose of this note is to explain some results given in a paper of Martin
Zwick [2]. We want to study the link between the likelihood ratio (always
positive according to the Gibbs theorem?!):

p
T (model) = plog =
( )= plog a

and the different levels of entropy (transmission).

We shall use: p, the observed frequencies, and ¢, the frequencies computed to
maximise Y qlogq which fullfills the model constraints. Moreover the entropy
of an observation is defined as:

U(p)=— plogp

The question is thus to prove that:
p
Ulg) - U(p) =) plog ' (1)

which amounts to prove:
> (p—q)logg=0 (2)

We shall first deal with a general model showing that if there exists a solution
which fullfills the model constraints, then (2) can be shown. Afterwards, for
didactic purposes we shall consider 2 particuliar cases. Firstly the case of 2
variables each taking 2 values (This result obviously extend to 2 variables with
any finite number of values), then we shall consider the case where the model
constraints are expressed as a set of sums of g;;z... with more than 2 variables
as proposed in Zwick [2].

The section 6 recall the notion of information in this context.

IThe Gibbs theorem [3] prove that if {pi}tiz1 ., et {ai};—1 ,, are 2 families of numbers the

sum of which are 1, then :
- Zpi logp; < — Zpi log g;

This results is based on the convexity of the zlogz function.



2 General model

We shall prove that
Ulq) ~U(p) = Zplogg

Which amount to say: Y ;(p—g¢)logg = 0 , as soon as (¢;)i=1,, maximises
— > qlog g with the linear constraints:

Co: ) pi=) g =1
Ce:dpti=> pi=ak=1m

With a set of Ij containing the indices 1 to n (without beeing necessarily dis-
joints).

The equation Y (p — ¢)log ¢ = 0 is true as soon as the coefficients log g can
be expressed as a sum the terms of which are constant or at least constants over
one ;.

We note J; = {i|l € I;} and write:

Pr = Z i — Qg
i€l
we shall then use the Lagrange function(for constrained maxima):
F==> qlogg+Y X,
1=1,n
By derivation we obtain:
oF
= —(1+logaq) JrZ)\j
q 7
l
and with a derivative equating 0 we have:

logql:fZ)\jfl

JEN

> (pi—qi)logq; =
Y pi—a) (=2, A1) =
=22 (pj—a) — X (i —q) =0

Using this model depends on the existence of a solution of the Lagrange equa-
tions system. Existing solutions can be derived from the iterative proportional
fitting algorithm’ [1]. What follows is considered in this context.

3 Case of a 4 position table

B | B
A pu|pi2 |t

A | pa1 | P22 | 2
(VA1 U 1




in this case the solution which maximises the entropy is given by ¢;; = t; *u;
(we shall see this hereafter). Therefore:

2
Z%j=1 (pij — qij)logqij =
2ij—1 (pij — 4ij)(logt; +logu;) =
2 2
2oig=1 Pij = qig)logti + 375 -y (i — gij) logu; = 0

Since we have:

>3 o1 (pij — ¢ij) logt; =

Sy logti 35, (pij — aig) =

Z?:l log t;[(pin + pi2) — (i1 + ¢i2)] =
Z?:l 10g ti (tz — tz) = 0

4 Proving that ¢;; = t; * u;

The values of q maximising U(q) are the theoretical frequencies defined as the
products of the margin distributions: g¢;; = t; * u;

How to maximise:
2
= > aijlog i
Q=1
With the constraints:

@11t g2 =p11+pi2="1
G21 + G22 = pa21 + P22 = t2
q11 + g21 = P11 +p21 = Uy
q12 + G22 = P12 + P22 = U2

We write:

Y1r=qu1+q2—1
Y2 =(qo1 + qa2 — 12
$3=q11 + ¢ — U1
Y4 = q12 + @22 — U2

The solution is obtained by equating the derivatives to 0 of the function
2
- Z ij log qij + Z Aj;
,j=1 J

derivating with respect to & ¢;;, we obtain:

—(1+1logqi1) = A1+ A3
—(1+logqi2) = A1 + A4
—(1+1logga1) = A2+ A3
—(1+loggaa) = A2 + A4

and there are 4 more constraints: ¢; = 0.



We straigtforward obtain: log % =X — A3 =log q"’; ce qui implique:

qi1 = KU *q12
g21 = K * Q22

And it comes out that:

Qij =ti*xu; Vi, j

5 Case of three variables

The three variables are defined as A, B et C with the model AB : BC : AC.
We denote p;ji, the observed frequencies.

The equation ) (p — ¢)logg = 0 is true as soon as the coefficients log g
can be expressed as a sum: cst + 71; + 125 + 73, and that g5, satisfy the
constraints?:

Dt Qi = ZM 1 Pigk =t Vi=1,m

ZZL;;% Gijk = Y pe1 Pigk = t2j ¥j =1L
Zi)jzl Qijk = 217]:1 Dijk = tap VE=1,p

Because:

Z;j;}%ﬁl (pljk: - qi]k) og qu =

Zz,j,kﬁl (pzjk - qijk)(cst + s+ 125 + 77%) —

anﬁl (pijk — gijk)est + Z:ﬂ]’%pl (Pijk — Qijr)mi+

m,n, k

S (Digk — Gigk)n2; + 2oi 0wty (Dijk — Qijr)sk = 0

Since: S
Zz ’k 1 (pzjk Qijk)CSt =
m,n,
tZ ij, P (Dijk — Gijr) = cst(1l—1) =0
and that:

erlj?li’pl (pwk ngk)Tllz =
Zz 1M ZJ k=1 (Pijk — qijr) =0

It is sufficient to show that log g;;x is expressed as such a sum when the g,
maximise — Y qlog ¢ with the constraints given hereafter.
We write:

P10 = Dk Gijk — t1i Vi
P25 =D ik Qik — toj Vj
k=i Gk — tak Yk

The solution is obtained by computing and equating to 0 the derivatives of

m,n,p

Z Qijk log Qijk + Z A pq¥Ppq

i,,k=1
with respect to a g;;z, we obtain:

oF
aQijk

—(1 4 log gijr) + A1i + A2j + Az =0 Vi, 5,k

2The constant cst could be added to one of the coefficients 7



This immediately implies the wanted result:
log gijr. = —(1 4+ A1s + Aoy + Azp) Vi, j, k

To compute the solution, the following constraints® are also considered ¢, =
0 . However the solution is computed by the iterative proportional fitting algo-
rithm [1].

6 Last comments

For the case where there are 3 sets of datae: observed (obs), modeled (mod),
reference (ref). We consider: T'(obs/mod) (the error of the model or the lost
constraints) and T'(obs/ref) the difference of which is T'(obs/ref)—T (obs/mod)
represent the constraints captured in the model.

The information (relative) brought by the model is computed as 1—%
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3there are (n x m X p) + (n +m -+ p) of them and the same number of variables.



